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Abstract 

This paper provides comprehensive coding and outer bound for the half-duplex multiple access channel with 
generalized feedback (MAC-GF). Two users communicate with one destination over a discrete memoryless channel 
using time division. Each transmission block is divided into 3 time slots with variable durations: the destination is 
always in receive mode, while each user alternatively transmits and receives during the first 2 time slots, then both 
cooperate to send information during the last one. The paper proposes two decode-forward based coding schemes, 
analyzes their rate regions, and also derives two outer bounds with rate constraints similar to the achievable regions. 
Both schemes requires no block Makovity, allowing the destination to decode at the end of each block without 
any delay. In the first scheme, the codewords in the third time slot are superimposed on the codewords of the first 
two, whereas in the second scheme, these codewords are independent. While the second scheme is simpler, the first 
scheme helps emphasize the importance of joint decoding over separate decoding among multiple time slots at the 
destination. For the Gaussian channel, the two schemes with joint decoding are equivalent, as are the two outer 
bounds. For physically degraded Gaussian channels, the proposed schemes achieve the capacity. Extension to the 
m-user half-duplex MAC-GF are provided. Numerical results for the Gaussian channel shows significant rate region 
improvement over the classical MAC and that the outer bound becomes increasingly tight as the inter-user link quality 
increases. 

I. Introduction 

The growing demands of multimedia services in communication systems necessitate new technologies that meet 
high speed and throughput requirements. Cooperative communication offers an efficient way to increase the data 
rate. However, besides the high data rates demand, practical constraints including half-duplex tranceivers and short 
decoding delay add other challenges to new systems. Consider cooperation between two users sending information 
to a common destination. In |[T|, Willems et al. model this channel as a multiple access channel with generahzed 
feedback (MAC-FG) and propose a full-duplex coding scheme that uses block Markov encoding and backward 
decoding. While the full-duplex scheme can be adapted to half-duplex systems, it may be inefficient. In this paper, 
we aim to propose new cooperative schemes directly for the half-duplex channel with shorter decoding delay. 

The full-duplex MAC-GF proposed by Willems et al. in H] is a more practical channel than the MAC with 
conferencing encoders also proposed by Willems in IJ). In the MAC with conferencing encoders, each encoder 
obtains information about the message of the other encoder through delay-free communication links between them 
even before starting transmission. However, in the MAC-GF, the users are cooperating during their transmission 
time. Willems et al. employ block Markov encoding and backward decoding to derive an achievable rate region for 
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the MAC-GF. With backward decoding, the channel in any transmission block resembles the MAC with common 
message proposed by Slepian-Wolf in |l3l. In Q, Tandon and Ulukus derive an outer bound for the MAC-GF using 
the idea of dependence balance H and show that their bound is tighter than the cut-set bound. Ekrem and Ulukus 
1^ study the effects of cooperation on the secrecy of the MAC-GF. 

The relay channel, introduced by Van der Meulen in f7l|, can be seen as a special case of the MAC-GF when only 
one user has information to send and the other helps relay what it received to the destination. In the MAC-GF, at the 
end of each transmission block, each user employs partial decode-forward relaying to decode a part of the other's 
message and forward with its new message during the next block. Partial decode-forward is one of the relaying 
protocols introduced by Cover and El Gamal in |j8J along with decode-forward and compress-forward. Kramer et 
al. generalize these protocols to a relay network in ||9l- In ifTOl . Liang and Veeravalli propose the broadcast relay 
channel (BRC), in which one of the two receivers assists the transmission to the other by relaying, and establish 
its capacity in the degraded case. Reznik et al. ifTTI extend the BRC to multiple receivers and derive its achievable 
rate region and outer bound. 

Sendonaris et al. 1 12| apply the coding scheme of the full-duplex MAC-GF into cellular networks operating over 
fading channels and show the advantage of cooperation in increasing both achievable rates and cellular coverage, 
and in reducing the outage probability. However, current technologies for cellular networks support only half-duplex 
communications. Hence, to make the application possible, the full-duplex scheme can be adapted to half-duplex 
systems using standard frequency division for channels between the two users. However, this adaptation requires 
extra bandwidth and thus may not be the most efficient. As a result, more attention to half-duplex schemes has 
been seen recently. 

For example, Laneman et al. analyze the performance of half-duplex cooperative schemes in terms of outage 
capacity in lfT3l . and Vishwanath et al. derive outer bounds for the capacity of the half-duplex relay channel in 
lfT4l . Peng and Raj an study capacity bounds for the Gaussian interference channel with transmitter or receiver 
cooperation in ifTSl . and Wu et al. derive the sum capacity for the symmetric interference channel with transmitter 
cooperation in fT6l . Kim et al. study the half-duplex bidirectional relay channel and provide inner and outer bounds 
for different relaying protocols in 117j. Schnurr et al. derive an achievable rate region for the restricted two-way 
relay channel with partial decode-forward relaying in flS). El Gamal and Zahedi establish the capacity of the relay 
channel with orthogonal transmitting components which models frequency division in [19|. Partial decode-forward 
relaying achieves its capacity, for which the half-duplex factor simplifies analysis. However, it is not always the 
case that half-duplex capacity is simpler or can be derived directly from full-duplex capacity. 

In addition, the block Markov coding structure in the full-duplex MAC-GF introduces dependency between 
contiguous codeblocks. As a result, backward decoding becomes the preferred technique to increase the rate region. 
However, backward decoding leads to excessive decoding delay. Fortunately in half-duplex systems, since each user 
cannot transmit and receive simultaneously, block Markov coding need not apply. Therefore, it may be the case that 
optimal half-duplex coding can be done independently for each codeblock, which removes the need for backward 
decoding and the excessive decoding delay accompanied with it. 

In this paper, we propose new coding schemes for the half-duplex MAC-GF, taking into account the half-duplex 
and short decoding delay constraints. Two main features allow the proposed schemes to meet these two constraints. 
First, these schemes perform the transmission in independent blocks without block Markovity. As a result, the 
destination can decode at the end of each block without any delay. Second, we use time division in each code block 
and divide each into three time slots. Allowing each user to either transmit or receive during each slot satisfies the 
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half-duplex constraint. In the proposed schemes, each user alternatively transmits and receives during the first two 
time slots, then both transmit during the third one and the destination only decodes at the end of this time slot. 

We consider two different coding schemes. Both schemes employ rate splitting and superposition encoding 
in each time slot. However, they have two main differences. First, in the first coding scheme, the codewords 
transmitted during the S''' time slot are superimposed on the codewords of the first two. This is similar to the 
coding scheme of the full-duplex MAC-GF in |[T], lfT2l . However, in the second coding scheme, these codewords 
are independent. Second, the first scheme employs partial decode-forward, while the second uses full decode- 
forward. For the Gaussian channel, we show that these two schemes achieve the same rate region and hence are 
equivalent. 

For the first coding scheme, we also consider two different decoding techniques at the destination: separate 
decoding and joint decoding. In separate decoding, the destination starts from the S"^"* time slot and decodes the 
messages received in each time slot independently. In joint decoding, the destination uses signals received in all 3 
time slots to decode all messages simultaneously. Analysis as well as numerical results show that joint decoding 
strictly outperforms separate decoding by achieving a larger rate region. 

We also derive two outer bounds for the half-duplex MAC-GF in a form similar to each achievable rate region 
but on a larger input distribution. These outer bounds are derived using standard method that employs Fano's and 
data processing inequalities among multiple time slots. We also show that the second outer bound can be derived 
from the dependence balance outer bound for full-duplex MAC-GF in (4]. Similar to the achievable rate regions, 
the two outer bounds are equivalent for the Gaussian channel. These bounds become tighter as the inter-user link 
qualities increase. We also show that our outer bound becomes the capacity for the Gaussian physically degraded 
channel. Finally, we extend our coding scheme, achievability, and outer bound to the m-user case. 

This paper is organized as follows. Section describes the half-duplex MAC-GF model. Section |III] presents 
the partial decode-forward based coding scheme and provides its achievable rate region for both joint and separate 
decoding techniques at the destination. Section |IV] presents a simplified decode-forward based scheme and its rate 
region. The outer bounds are provided in Section |V] Section |VT] extends the channel to the m-user case and provides 
an achievability and outer bound. Application of the proposed coding schemes in the Gaussian channel is given in 
Section lyn] with numerical results and comparison the outer bound. Finally, Section [Villi concludes the paper. 

II. Channel Model 

The two-user discrete memoryless half-duplex MAC-GF consists of two input alphabets Xi and X2, three output 
alphabets 3^, 3^12, and 3^21, and three conditional transition probabilities p{y\xi, X2), p{y, yi2\xi), and p{y, y2i\x2) 
as shown in FiglT] This channel is quite similar to the full-duplex MAC with generalized feedback as defined in 
im. However, each user (the owner of the message Wi or W2) can only either be in transmit or receive mode but 
not in both. Hence, an additional requirement for the half-duplex MAC-GF is that no two transition probabilities 
occur at the same time. Because of this requirement, the coding scheme in Hj can not be applied directly. 

A ([2"-'^i], [2"-'^2],ri) code for this channel consists of two message sets Wi = {1,..., [2"^i]} and W2 = 
{1, . . . , [2"^2] }, two encoding functions fu, f2i, i — 1, . . . , n, and one decoding function g defined as 

fu-Wixyi,-^ ^ Xi, z = l,...,n 

f2^■■W2Xy\^^ ^ X2, Z = l,...,n 

g-.y' ^Wi-kW2. (1) 
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Fig. 1. The half-duplex MAC-GF model. 



Finally, is the average error probability defined as Pg — P{g{Y'^) ^ (Wi, M/2))- A. rate pair R2) is said to 
be achievable if there exists a ([2"-'^i], [2"-'^^],n) code such that Pg — > as n — > 00. The capacity region is the 
closure of the set of all achievable rates ^2)- 

The three transition probabilities of the half-duplex MAC-GF can be modeled using time division such that for 
n uses of the channel, the transition probability p{y, yi2, y2i|a;i, X2) can be expressed as 

P' = P{y,yi2,y2i\xi,xi) =p{y,yi2\xi) {u{k) ~ u{k - ain)) 

+ P{y, y2i\x2) {u{k - ain) ~ u(k - (ai + 0:2)")) 

+ p{y\xi,X2) {u{k - (ai + a2)n) - u{k - n)) (2) 

where < ai + 02 < 1 and u{n) is the discrete-time unit step function. 

Thus, each transmission block is divided into three time slots with variable durations ai, a2 and (1 — ai — 012). 
While the destination is always in receiving mode, each user either transmits or receives during the first two time 
slots and both of them transmit during the third slot. Specifically, as in FigUl the channels yi2|a;i), p{y^ y2i\x2) 
and p(j/|xi,X2) occur during the I'*', 2"'* and S"* time slots, respectively. For clarity, instead of always using y for 
the channel out at the destination, we also refer to it in each time slot differently as yi, y2 or 2/3. 



III. Coding Schemes with Partial Decode-Forward (PDF) Relaying 

In this section, we propose and analyze a coding scheme for the half-duplex MAC-GF based on partial decode- 
forward (PDF). The transmission is done in independent blocks of length n. Each user employs rate splitting 
and superposition coding in each time slot. Consider the first user; it splits its message, Wi, into three parts 
(Wio, W12, W13) where (WicWia) are the private parts and W12 is the public part. While the private parts 
are transmitted directly to the destination at rates Pio and P13, respectively, the public part is transmitted to the 
destination in cooperation with the second user at rate P12. During the 1**' time slot, the first user sends (Wio, W12), 
while during the 3"^ time slot, it sends (VF21, W12, W13). The transmission of the second user is similar. In this 
coding scheme, the codewords of the private parts (W23, W13) sent during the 3"^ time slot are superimposed on 
the codewords of the cooperative parts during the first two time slots, which makes these codewords dependent. 
We name this scheme the PDF scheme and show that the following rate region is achievable. 
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Theorem 1. The achievable rate region for the half-duplex MAC-GF using the PDF scheme with full decoding 
at each user and joint decoding at the destination is the convex closure of all rate pairs {Ri, R2) satisfying 

Ri < ai/(Xio; ri2) + asHXis; ¥^1X23, U, V) 

R2 < «2/(^20; i"2l) + «3/(^23; 5^31^13, U, V) 

Ri+R2< axI{Xio; ¥12) + a2/(^2o; Y21) + a^HXi^, X23; Y^W, V) 
Ri+R2< ai/(Xio; Fi) + a2l{X2o: Y21) + a3/(^i3, ^23; Y^lV) 
Ri+R2< aiI{Xio;Yi2) + a2l{X2o;Y2) + a3l{Xi3,X23;Y3\U) 

Ri+R2< aiI{Xio;Yi) + a2l{X2o;Y2) + a3l{Xi3,X23;Y3) (3) 
for some joint distribution that factors as 

P* ^ p{xio,u)p{x20,v)p{xi3\u,v)p{x23\u,v) (4) 

where 0:3 = (1 — ai — 012). 

Next, we provide a full description of the encoding and decoding technique that achieves the above region, with 
the summary in Table I. 

A. Coding Scheme 

As mentioned previously, the encoding is performed using rate splitting and superposition encoding. The codebook 
generation is done as follows. 

7 ) Codebook generation: Fix P* in (HI and generate 

« 2"-'^^^ i.i.d sequences u"(wi2) ^ nr=iP('"«)' 

• 2"^^i i.i.d sequences w"(w2i) ^ IlILi^'l^O- 
Then for each u"{wi2) and each v"{w2i), generate 

. 2""^"' i.i.d sequences ai^olu'io, W12) ^ Yl"^iP{xioi\ui), 

. 2"-^2o sequences a;^o(^^20, ^21) DlLi P(^20j|wi)- 
Finally, for each pair (u"(wi2), w"(w2i)), generate 

. 2"-^i3 sequences x'l^{wi3,wi2,W2i) ^ ll'^=iP{xi3i\ui,Vi), 

. 2"^23 sequences 0:53(^23,^12,^21) ^ 11^=1 p{x23i\ui,Vi). 

2) Encoding: In order to send the message pair {wi,W2), the first user sends x"q"(wio, u)i2) during the 1^' time 
slot, while the second user sends a;2o"(w20, ^^12) during the 2"*^ time slot. At the end of the I'*' and 2'"^ time slots, 
the second user and the first user will have the estimated values (wio, ^12) and {w2a,'W2i), respectively. Then, the 
first user sends x'l^^(^ai+a2)n+ii'^i3,wi2,W2i) and the second user sends a;23,(ai+a2)n+i(^23, it'i2, f«2i) during the 
last time slot. Hence cooperation occurs via decode-forward relaying. Each user decodes the other user's messages 
during the first two time slots, then forwards the public part of this message during the third time slot, in addition 
to another private message to the destination. 

In this scheme, the codewords of the private parts {wi3, W23) are superimposed on the codewords of the public 
parts, which is similar to the full-duplex coding scheme in [T], lfT2l . However, the codewords in the proposed 
scheme encode messages in the same block, while in IT], IIT2I . the codewords for private parts are superimposed 
on those of the public parts in the previous block. As a result, the proposed scheme has independent transmission 
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Table I: The encoding and decoding tecliniques for the PDF scheme. 



blocks while the coding scheme in [T], lfT2l has Markov dependent blocks. Because of independent blocks, decoding 
at the destination can be done at the end of each block. Hence, there is no decoding delay in the proposed scheme, 
while in |[T1, lfT2]| . there is a long delay resulting from backward decoding. Also, we can see that the proposed 
scheme includes the classical MAC and the classical TDMA scheme as special cases when ai — a2 ~ and 
ai — a2 — 0.5, respectively. 
3) Decoding Technique: 

Full Decoding at each user: At the end of the 1*^' time slot, the second user applies joint typicality rule to decode 
both message parts (^10,^12) from its received sequence Y12. Specifically, the second user looks for a unique 
message pair (?«io,wi2) that satisfies 

K^"(u;i2),a;?J"(iiio>i2),l^i2) e ^r^". 
Similarly, the first user decodes the unique message pair (i()2o,u'2i) such that 

(z;"-"(7«2l),4o'"(^i^20>2l),y2i) e 

Following standard joint typicality analysis as in [20] . the error probabilities in these decoding go to zero as n — 00 
if the following rate constraints are satisfied: 

i?io<ai/(Xio;ri2|C/) = /i 
Rw + Ri2 < aiI{Xw;Yi2) ^ h 

R20 < a2l{X2o;Y2i\V) = I3 
R20 + R21 < "2/(^20; Y21) = h (5) 

Joint Decoding at the destination: From Table I, we can see that all received signals at the destination (Yi ,Y2,Ys) 
include information about the cooperative message parts (i«i2, if2i)- Thus, joint decoding among these three signals 
will improve the rate region. 

In joint decoding, the destination decodes the message vector {wi2, W21, wio, W2o,wi3, 'W23) using joint typicality 
||2P| or joint ML II2TI decoding based on the whole received sequence y — {yi^^y2^^ 2/3^")- Specifically, the 
destination looks for a unique message vector (wi2, W21, wio, W20j w'13, ^23) that simultaneously satisfies 
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and {v"'''{w2i),x^f{w2o,W2i),Y2) 

and K^"K2),«"^"(^A2l),X?|"(*13,^«12>2l),43"("'23,*12,W^ GA^^"}. (6) 

The error analysis of this decoding technique is given in Appendix A and it leads to the following rate constraints: 

Rio < aiIiXio;Yi\U) = Ji 
R20 < a2l{X2o;Y2\V) = J2 
Ri3 < a3liXi3;Y3\U,V,X23) = J3 

i?23 < a3l{X23;Y3\U,V,Xi3) = Ji 
R13+R23 < a3l{Xi3,X23;Y3\U,V) = J5 

R1+R23 < aiI{Xio;Yi) + a3l{Xi3,X23;Y3\V) = Jg 

R2 + R13 < a2l{X2o;Y2) + a3l{Xi3,X23;Y3\U) = J7 

R1+R2 < aiI{Xw;Yi)+a2liX2Q;Y2)+a3liXu,X23;Y3) = Jg. (7) 

The same rate constraints can be obtained using joint ML decoding as shown in |22|. Now, by applying Fourier- 
Motzkin Elimination (FME) to the inequalities in (|7]) and (|5]l, the achievable rates in terms of i?i — i?in + ^^i2 + ^i3 
and i?2 — R2Q + R21 + R23 can be expressed as in Theorem 1. 

Remark 1: Alternative partial decoding at each user: In the above scheme, each user decodes both the public 
and private message parts of the other user However, the private part is not forwarded. Thus, alternatively, each user 
can also perform partial decoding. We will show, however, that partial decoding is of no advantage for Gaussian 
channels. 

In partial decoding, each user decodes only the public part of the other user during the first two time slots. 
Specifically, the second user decodes u'12 from Y12 by looking for a unique W12 such that (u"i"(ii;i2), Y12) G A"^". 
Similarly, the first user decodes W21 from Y21 by looking for a unique W21 such that (w"^"(i()2i), ^21) € A"^". 
Again, by applying joint typicality analysis, the probability of error goes to zero as n — > 00 if the following two 
constraints satisfied: 

i?i2 <ai/((7;Yi2) 
R21 <a2l{V;Y2i). 

By applying FME for these new constraints together with the constraints in ([7|l, we get a rate region region similar 
to Theorem 1, except that we need to replace 

/(Xio; Y12) by /([/; Y12) + /(^lo; Yi\U), 
and /(X20; ^21) by Y21) + /(X20; Y2\V). 
To compare between the two regions, note that in Theorem 1, we have 

I{Xio;Yi2) ^ IiU,Xw;Yi2) ^ IiU;Yi2) + I{Xw;Yi2\U), 
and /(X20; 1^21) - I{V,X2o;Y2i) - /(F; ^21) + /(X20; ^21 
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Therefore, we just need to compai-e the pairs (/(Xm; Yi2|?7), /(Xm; Yi|[/)) and (/(X20; /(X20; 
If IiXio;Yi2\U) > I{Xw;Yi\U) and /(X20; >2i |V") > /(X20; Y2IV"), then full decoding at each user leads to a 
larger rate region for a fixed input distribution. This is the case for Gaussian channel explained in Section FVIll when 
the inter-user links are stronger than direct links. 

B. Alternative separate decoding at the destination 

In order to recognize the efficacy of joint decoding in enlarging the rate region, we compare this decoding 
technique with separate decoding, in which the destination performs decoding separately in each time slot as shown 
in Table I. It decodes starting at the "y^ time slot, then goes back to the 2"^^ and I'*' ones. 

In separate decoding, starting from the 3"^ time slot, the destination uses the received signal to decode the 
message vector {wi2 7 W21 , W13 , W23 ) using joint typicality decoding. In this time slot, the channel looks like a MAC 
with common message |[3l and the destination looks for a unique message vector (wi2, W217 ''^'isi ^23) that satisfies 

(?^"^"(lil2), «"^"(U'21), a;?|"(u;i3, ^-12, l«2l), X^|"(l«23>12, W2l),Y^) € 

Then, the destination goes back to the first 2 time slots, in which the channel looks like a broadcast channel with 
superposition coding |20|. It uses the received signals Yi (Y2) to decode wia {w2o), respectively, assuming that 
it already decodes the (wi2,W2i) correctly in the time slot. Specifically, the destination looks for a unique 
message wio (w2o) which satisfies 

Ki"(W^i2),a;?J"(^^io,W"i2),^i) e 

or 

(l'"^"(V{^2l),X^0'"(u'20,W^2l),Y2) e ^r"- 

for a given (wi2,u'2i)- Following the analysis in |[3l, ll20l . the rate constraints that make the probabilities of error 
to go to zero as n — > cx) are as follows. 

Rw<aJ{Xio\Y^\U) = h 
R20 < a2l{X2o;Y2\V) = h 

Rl3 < C^3l{Xi3;Y3\U,V,X23) = I7 

R23 < a3HX23;Y3\U,V,Xu) = h 

R13 + R23 < a3l{Xi3,X23.Y3\U,V)=l9 
R12 + Ri3 + R23 < a3l{Xi3,X23; Y3\V) = ho 
R2I+R13 + R23 < a3l{Xi3,X23;Y3\U) = Iii 

R12 + R21 + -R13 + -R23 <a3-^(-'^i3- -^^23; ^3) = Il2- (8) 

The derivation of these rate constraints are given in Appendix B. 

By combining these constraints together with the constraints of full decoding at each user in (|5]), we get the 
following corollary. 
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Corollary 1. The achievable rate region for the half-duplex MAC-GF using the PDF scheme with full decoding 
at each user and separate decoding at the destination is the convex closure of all rate pairs R2) satisfying 

Ri < aiHXio; + asHXu; ^31^23, U, V) (9) 

R2 < ^2/(^20; + a^IiX^s; FalXig, U, V) 
Ri+R2< aiI{Xw; Y12) + a2/(X2o; Y21) + a^IiXn, X23; Y^p, V) 
Ri+R2< aimin(/(Xio; Y^2\U), I{Xw, Yi|t/)) + ^2/(^20; Y21) + a^HXis, X23; Y^lV) 
Ri+R2< a2min(/(X2o; Y2i\V), /(X20; Y2\V)) + ai/(Xio; ^12) + a3/(^i3, ^23; Y^p) 
Ri+R2<aimm{I{Xw-Y^2\U), I{Xw;Yi\U)) + a2min{I{X2o;Y2i\V), /(X20; ^2!^)) + a3/(Xi3, X23; la) 

for some joint distribution P* = p{xio, u)p{x2o, v)pixi3\u, v)p{x23\u, v) and < ai + 02 < 1. 

Remark 2: Although the first 3 constraints in this rate region are the same as those in Theorem 1, the other 3 are 
smaller. This is because {I{Xiq;Yi) > I{Xiq;Yi\U)) and (/(X2o;l2) > I{X2q;Y2\V)). Hence, this rate region 
will always be smaller than that in Theorem 1. 

A simple explanation for this difference between the two regions is as follows. In separate decoding, the destination 
only uses the received signal in the 3'^'' time slot to decode the public parts {wi2,W2i) but ignores the received 
signals in the first two time slots, even though they include information about the public parts. On the other hand, in 
joint decoding, the destination uses the received signals from the all 3 time slots to decode the transmitted messages 
{Wi, VF2). As a result, the set of error events in separate decoding will be bigger than in joint decoding and hence, 
the rate region for separate decoding is smaller 

Consequently, we can see that although the channel capacity maybe known in each time slot as of the (degraded) 
broadcast channel [201 or the MAC with common message [3J, the capacity for the half-duplex channel cannot be 
simply derived from these existing capacities. The half-duplex capacity is still an open problem and in Section |V] 
we provide an outer bound for it. 

Remark 3: The rate region in Theorem 1 was obtained by applying FME for (|5]i and (|7|i- However, when applying 
FME, the rate constraints involving (/i,/3) and (Ji, J2) given in (|5]l and (|7]i appeared to be redundant and did 
not affect the rate region in Theorem 1. Any value for (i?io, ^^20) will not affect the rate region. Therefore, there 
is no need for the private part (wio,W2o) in the first two time slots if joint decoding is used at the destination 
(note however that {wio,W2o) is still necessary with separate decoding). Next, we propose a new scheme taking 
this remark into account. 

IV. Simplified Decode-Forward (DF) Scheme 

In this section, we provide a simplified coding scheme in which each user splits it message into only two parts, 
Wi = (u'i2,u'i3) and W2 = (^21, il'23)- The transmission in each time slot is similar to the previous scheme but 
without (wio,u'2o)- Besides, the codeword in the 3"* time slot is independent from codewords in the first two, 
instead of being superimposed on them as before. 



10 



Theorem 2. The achievable rate region for the half-duplex MAC-GF using the DF with joint decoding at the 
destination can be expressed as the convex closure of all rate pairs (i?i,i?2) satisfying 

Ri < aiI{Xu; + asHXia; 1^31^23, 5) 

R2 < a2l{X2uY2i) + a^IiX^s; ^31X13, 5) 
Ri+R2< ai/(Xi2; Yu) + a2/(X2i; Fai) + a3/(Xi3, X23; Y3\S) 
Ri+R2< aiI{Xi2; Yi) + a2l{X2i;Y2i) + a3/(^i3, ^23; ^3) 
Ri+R2< aiI{Xi2; Y12) + a2l{X2i;Y2) + 03/(^13, ^23; Y3) 

Ri+R2< aiI{Xi2; Yi) + a2l{X2i;Y2) + a^IiXi^, X23; Y3) (10) 

for some pixi2)p{x2i)pis)p{xi3\s)p{x23\s), where ai + Q2 + C13 = 1 

Proof We provide the encoding and decoding techniques for this new scheme in which each user spHts its 
message into only two parts wi — (?«i2,it;i3) and W2 = (u'2i,u'23). 

1) Codebook generation: Fix P* — p{xi2)p{x2i)p{u)p(xi3\u)p{x23\u), then generate 

• 2"^i2 i.i.d sequences a;"2(t«i2) ^ ]Xi=iPi^i2i) 
. 2"-'^2i i i sequences 0:21(^21) ^ ]Xi=iP{^'2ii) 

• 2"(-'^i^+^^i^ i.i.d sequences s"(t«i2, ^21) ~ YYi^iPi^i)- 
Then for each pair s"(u'i2, W21), generate 

. 2"^" i.i.d sequences a;"3(u;i3, ■u;i2, W21) ~ YVi=iP{xi3i\si) 

. 2"-^23 i i d sequences a;23("'23, ^12, W21) ~ nr=iP(2^23i|si)- 
The encoding and decoding of this scheme is similar to the PDF scheme of Theorem 1 but without (u'io,t«2o)- 
Moreover, codewords {xi^{wi3, wi2, W2i),X23{w23, W12, 11121)) are superimposed on codeword s"(u'i2, W21), which 
even though encodes the same message pairs (1012,^21) as codewords (a;"2(wi2), 0:21(^21)), is independent from 
them because it is generated according to an independent distribution. 

2) Encoding: For the two users to send the message pair {wi,W2), the first and the second users transmit 
a;"2"(wi2) and a;2i"(u'2i) during the 1^' and the 2"'^ time slots, respectively. They also decode W21 and at 
the end of these two time slots. Then, during the last time slots, they send 2^13 (c(i+a2)n+i(^i3' ^i2i ^^21) and 

43,(ai+a2)n+l(^"23>12,?«2l). 

3) Decoding: 

At each user: At the end of the 1^' time slot, the second user decodes W12 by looking for a unique ?Z>i2 that 
satisfies 

K2^"(u;i2),Yi2)G 

Similarly, the first user decodes u'21 by looking for a unique ti;2i that satisfies 

ix^ri^2i),Y2i) e a:^-. 

Following standard joint typicality analysis [20], we obtain the following rate constraints: 

Ri2<aiI{Xi2;Yi2) = Hi 

R21<a2l{X2i;Y2l)^H2 (11) 
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Joint decoding at the destination: Similar to the joint decoding in Section IIII-AI the destination utihzes the 
received sequence from all 3 time slots to decode the transmitted messages by looking for a unique message vector 
(?z)i2, W21, ^13, it'23) that simultaneously satisfies 

{Kr(^i2),l^i)eA^^", 

and {x'^r{w2i),Y2) 

and (s"^"(u'i2>2i),a;?|"(i£i3>i2>2i),x°|"(u;23>i2,W2i),y3) gA^^"}. (12) 

The error analysis of this decoding technique is similar to that in Section IIII-AI and leads to the following rate 
constraints: 

i?13<«3/(^13;>3|5,X23) = ff3 
i?23< 03/(^23; r3|^,Xi3)-H4 
i?13 + i?23 < ^3/(^13, ^23; ^^315) = i?5 

Ri + i?23 < ai/(Xi2; + a3/(^i3, ^23; i"3) = 
R2 + i?i3 < a2/(X2i; 1^2) + a3/(^i3, ^23; 5^3) = 

i?i + i?2 < ai/(Xi2; Fi) + a2/(^2i; 5^2) + (13/(^13, ^23; 5^3 ) = Js (13) 

By applying Fourier-Motzkin Elimination (FME) to the inequalities in (fTTl i and ( fT3b . we get the achievable rates 
in terms of Ri = R12 + R13 and R2 = R21 + R23 as in Theorem 2. ■ 

Remark 4; In dTol ). the second and the third constraints on the sum rate become redundant if /(X12; Y12) > 
/(Xi2;ri) and /(X2i;y2i) > /(^2i;i^2). 

Remark 5; Although this rate region looks slightly different from that of the PDF scheme given in Theorem 1, 
Appendix E shows that the two regions are equivalent for Gaussian channels. For the discrete memoryless channel 
(DMC), this equivalency may not hold in general. 

V. Outer Bounds 

In this section, we provide an outer bound with rate constraints similar to the PDF scheme and another one 
similar to the DF scheme. During the third time slot, the channel looks like the MAC with common message while 
during the first two time slots, it looks like a broadcast channel. Although the capacity is known for the MAC with 
common message E, it is not known in general for the broadcast channel. Furthermore, the MAC-GF encompasses 
as a special case the relay channel of which the capacity is also not known in general. Next, we provide outer 
bounds to the half-duplex MAC-GF in a form similar to the achievable regions. These bounds are tight as the 
inter-user links are noticeably better than the link between each user and the destination. 

A. An Outer Bound Similar to the PDF Region 

Using standard Fano's and data processing inequalities among three time slots, we show in Appendix C that an 
outer bound for the half-duplex MAC-GF can be expressed as in the following theorem. 
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Theorem 3. An outer bound of the half-duplex MAC-GF consists of the convex hull of all rate pairs {Ri , R2) 
satisfying 

Ri < aiI{Xw; Yi,Yi2) + asHXis; 1^31^23, U, V) 

R2 < ^2/(^20; Y2,Y2i) + ^3/(^23; 5^31^13, U, V) 
Ri+R2< aiI{Xio; Fi, Fia) + a2/(^2o; Y2, Y21) + ^3/(^13, ^23; Y^\U, V) 
Ri+R2< aJiXw; Yi) + a2l{X2o; ^2,^21)+ a3/(Xi3, X23; Y^lV) 
Ri+R2< aiI{Xw; ^12) + ^2/(^20; Y2) + a3l{Xi3, X23; Y^lU) 

Ri+R2< aiI{Xw; Yi) + 02/(^20; Y2) + 03/(^13, ^23; >3) (14) 

for some joint distribution p{xiQ,u)p{x2o,v)p{xi'i\u,v,xiQ)p{x2'i\u^v^X2Q)P' ^ where P* is the channel given in 
(|2), and 03 = 1 — ai — a2- 

Proof: See Appendix C. ■ 
Remark 6; Compared with the achievable region for the PDF scheme in Theorem 1, this outer bound consists 
of rate pairs (i?i,i?2) satisfying constraints similar to (O, except that /(X12; Y12) and I{X2i;Y2i) are replaced 
by /(X12; Yi, Y12) and /(X21; Yz, ^"21), respectively. These different terms, /(Xio; Yi, ^12) and /(X20; Y2, Y21), 
resemble the cut-set bound in the first two time slots. Besides, the outer bound has a larger joint input distribution 
than the achievable region. However, we show in Section IVIIt hat for the Gaussian channel, both the achievable 
region and outer bound can be maximized over the same input distribution. 

B. An Outer Bound Similar to the DF Region 

1 ) Outer Bound Formula: Following similar steps to the previous outer bound but with small modifications, we 
derive also in Appendix C another outer bound similar to the DF region as in the following corollary: 

Corollary 2. An outer bound of the half-duplex MAC-GF consists of the convex hull of all rate pairs R2) 
satisfying 

Ri < ai/(Xi2; Yi, ri2) + ^3/(^13; Y3IX23, 5) 

R2 < a2/(^2i; Y2, Y21) + a3/(X23; Y3IX13, 5) 
Ri+R2< ai/(Xi2; Yi, Y12) + a2/(^2i; Y2, Y21) + a3/(^i3, ^23; Y3I5) 
Ri+R2< ai/(Xi2; Yi) + 02/(^21; Y2) + a3/(^i3, ^23; Y3) (15) 

for some joint distribution p{xi2)p{x2i)pis\xi2,X2i)p{xi3\s,Xi2)p{x23\s,X2i)P' , where P* is the channel given 
in (O, and 03 = 1 — ai — a2- 

Remark 7: This outer bound looks similar to the achievable region in Theorem 2 for the DF scheme, except for 
the parts I{Xiq] Yi, Y12) and /(X20; Y2, Y21) where in the achievability, we have /(Xio; Y12) and /(X20; Y21). As 
a result of this replacement, the two middle sum rate constraints as in the achievability become redundant. 

Remark 8.- Similar to the previous outer bound, this outer bound and the DF achievable region for Gaussian 
channels can be maximized over the same input distribution. For Gaussian channels, as the two achievable rate 
regions for the PDF and DF schemes are equivalent, the two outer bounds are also equivalent. This equivalence 
can be proved following similar steps as in Appendix E. 
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Remark 9: This outer bound is related to the dependence balance outer bound for the full-duplex MAC-GF |4| 
as shown next. 

2) Relation with Dependence Balance Outer Bound for the Full-Duplex MAC-GF: In ||4l, Theorem 4, Tandon 
and Ulukus derived the dependence balance outer bound for the full-duplex MAC-GF. Applying this outer bound to 
our half-duplex channel, we can easily derive constraints ( flST l as shown in Appendix C. However, for the half-duplex 
MAC-GF, the dependence balance condition is automatically satisfied as also shown in Appendix C. Hence, the 
outer bound in Corollary 2 for the half-duplex MAC-GF can be derived from the full-duplex bound but without 
requiring the dependence balance condition. 

VI. Generalization to the m-UsER Half-Duplex MAC-GF 

We now generalize the results to the m-user half-duplex MAC-GF shown in Figure |2] The m-user half-duplex 
MAC-GF consists of m input alphabets A"!, A'2, m(m — 1) + 1 output alphabets y and yjk, for all 
j, fc € 1, . . . , m and j 7^ k, and m+1 transition probabilities p{y\xi , . . . , Xm) and p{y, y^iJ\Xj) for all j, fc € 1, . . . , m 
and j ^ k where yj^. = (yji, yj2, ■ ■ ■ , yjm),j ^ k. Similar to the two user case, we require that no two transition 
probabilities occur simultaneously in order to meet the half-duplex constraint. 





Fig. 2. Communication model for the m-user half-duplex MAC-GF. 

A. Achievability 

Following a similar procedure to the two-user case, the transmission is done in independent blocks. Each block 
is divided into m + 1 time slots with variable lengths ai,a2, ■ ■ ■ , am, ctm+i where = 1 ^ X]"=i '^i- Each 

user splits its message Wk into two parts {wkk,Wk,m+i)- During any of the first m time slots, one of the users 
sends its cooperative part Wkk while the other users decodes it. Then, during the last time slot, each user sends 
all cooperative parts it decodes during the previous time slots together with its private part Wk,m+i- Using similar 
encoding and joint decoding techniques as in the simplified DF scheme in Section |IV] we obtain the following rate 
region: 

Theorem 4. An achievable rate region for the m-user half-duplex MAC-GF can be expressed as the convex 
closure of the rate m-tuples {Ri, R2, ■ ■ ■ , Rm) satisfying 



Rr < iy^o^k min I{Xkk;Ykj)] + am+iI{Xm+i{T);Ym+i\S,Xjn+i{T'')) 
Rn< [y^ak min I{Xkk;Ykj) + akI{Xkk]Yk) + a.m+i/(X„+i; 



(16) 



for some joint distribution given as 

/ m \ / m \ 



(17) 



\k=l 



\k=l 
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and all subsets T C [1 : to] and A C [1 : to]. Here, Rj- = J2keT -^m+i = (Xi^m+i, X2.m+i, ■ • • , Xm.m+i), 
Xm+iiT) = {Xki^m+i,Xk2,m+i, ■ ■ ■) for all {fci,fc2,...} G T, Xm+iiT") = {Xi^^Tn+i,Xi^^m+i, ■ ■ ■) for all 
{^1, • ■ •} G T*^ one/ T*^ f/ie complement of T in the set [1 : to]. i?f2 = Si^li ^''^ fofa/ iwrn rafe and A'^ 

/s f/je complement of A. in the set [1 : m]. Y^j w //ze signal received by user j from user k during the fc''' time slot. 
Yfc is the received signal at the destination during the fc''' time slot. 

Furthermore, if each of the inter-user hnk quahties is better than any hnk between each user and the destination 
as given in the following equation: 

I{Xkk;Yk,) > I{Xkk;Yk) for all (fc, j) e [1 : to], j ^ fc (18) 

then, the effective Rq becomes only that obtained with empty set A = and A"^ = [1 : to]. For example, for 3-user 
half-duplex MAC-GF satisfying condition (fTSl l. the achievable rate region is the convex closure of all rate 3-tuples 
{Ri,R2,R3) satisfying 

i?i < ai min{/(Xn, ^12), /(^ii, ns)} + "4/(^14; nl^, ^24, ^34) 

i?2 < a2min{/(X22,r2l),/(^22,r23)} +04/(^24; nl^, ^14, ^34) 

R3 < aa min{/(X33, >3i), /(^33, Y32)} + adiX^; Yi\S, Xu, X24) 
i?i + i?2 <aimin{/(Xn,yi2),/(Xn,ri3)} + a2min{/(X22,F2i),/(^22,i^23)} + «4/(^^^ 
Ri+R3< ai min{/(Xn, ^12), /(Xn, Fig)} + ^3 min{/(X33, ^31), /(^33, ^^32)} + ^4/(^14, ^34; ^1^, X24) 
-R2 + i?3 < «2 min{/(X22, ^21), /(^22, ^23)} + ^3 min{/(X33, ^31), /(^33, i^32)} + a4/(^i4, ^34; Y4S, X24) 
Ri+R2 + R3< ai min{/(Xii, ^12), /(Xn, Y13)} + ^2 min{/(X22, >2i), /(X22, ^23)} 

+ a3 min{/(X33, >3l), /(^33, 5^32)} + 04/(^14, ^24, ^34; Yi\S) 

Ri+R2 + R3< ai/(Xn, Fi) + ^2/(^22, Y2) + 03/(^33, ^3) + adiX^, X24, X34; Y^) (19) 
for some joint distribution p{xii)p{x22)p{x33)p{s)p{xi4\s)p{x24\s)p{x34\s). 

B. Outer Bound 

An outer bound for the TO-user half-duplex MAC-GF can also be derived in a similar way to that of the two-user 
case in Section [V] Using Fano's and data processing inequalities among multiple time slots as given in Appendix 
C for the two-user case, we can obtain an outer bound as in the following Theorem: 

Theorem 5. An outer bound for the m-user half-duplex MAC-GF can be expressed as the convex closure of all 
rate m-tuples (i?i,i?2, • ■ • , Rm) satisfying rate constraints obtained from l[16\l by replacing 

• J2keT minjg[i.,„] j^fe I{Xkk;Ykj) by J2keT akI{Xkk;Yk,Ykj) and 

• J2keA minje[i:m] j#fe I{Xkk;Ykj) by X^feeA <^kI{Xkk]Yk, Ykj) 

where Ykj = {Yk.j11Yk.j2), ■■■ for all {^'1,^2,...} e [1 : to] and j 7^ k. Furthermore, the joint probability 
distribution factors as 

= ^]^p(a;fefe)^ p(s|a;ii,a;22,---,a;mm) ^]^p(a;fcm+i|s,a;fcfc)^ -P (20) 
where P is the channel given as 
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P= \ ^p{yk,yk3\xkk)[uyT - (^ai)n 

1=1 




+ p{y^+i\x.m+i) u 



a{)n J - u{t - n) 



(21) 



where x^+i = (a;i,m+i, a;2,m+i, • ■ • ,Xm,m+i)- 

Although the outer bound for the two-user case is tight especially for the Gaussian channel, it becomes looser as 
the number of users increases. Even for the three-user case, the outer bound is not tight in general. This is mainly 
because during the first m time slots, the outer is a cut set bound while in the achievability, it is the rate achieved 
by the user with minimum link quality. Hence, the optimal coding scheme and the tightest outer bound are still an 
open problem for the m-user half-duplex MAC-GF. 

VII. Gaussian Channels 
A. The Half-Duplex Gaussian MAC-GF Model 

The discrete-time channel model for the Gaussian half-duplex MAC-GF, as shown in Fig. [3] can be expressed as 

Yi2 = K12X1Q + Z\ 

Y2I = K2lX2n + Z2 

Yi = KioXiQ + Zoi 

Y2 = K2i3X2n + Zq2 

Y'i — Ki^Xi:>, + K2oX2'i + Z03 (22) 

where K12 and K21 are the inter-user link coefficients; Kiq, and K20 are the link coefficients between each user 
and the destination; the independent AWGNs are Zi - A^(0, N), Z2 A^(0, N), and Zq, - A^(0, N), i = 1,2, 3; 
Xio and X13 are the first user's transmitted signals during the 1^' and 3'^'' time slots, respectively, similarly, X20 
and X23 are the second user's transmitted signals during the 2"'^ and 3"^ time slots. 
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Fig. 3. Channel model for the Gaussian MAC-GF. 

B. Partial Decode-forward scheme: Joint decoding vs. Separate decoding 

Using the PDF scheme, we show in Appendix D that jointly Gaussian input signals are optimal. Specifically, the 
first user can construct its transmitted signals as 

^10 = \/Pu)Xio{ww) + \/PuU {W12) 



Xi'i = y/Pi'^Xi^iwi'i) + \/c^PuU{wi2) + \/c^PvV{w2i) 
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and the second user constructs its transmitted signals as 

X20 = V^-^20(W20) + V^^(^^2l) 



X2S, = V^-?23(w^23) + \/d2PvV{w2i) + y/d^U {11)12) , 

where Xio, ^13, ^23j U, and V are independent and identically distributed according to iV(0, 1). 
The power constraints for the two users are given as 

ai{Pw + Pu) + a3(Fi3 + caPc/ + cgPy) = Pi 

"2(^20 + Pv) + MP23 + d^Pu + d2Pv) = P2 (23) 

where (02,03) are constant factors specifying the relative amount of power, compared to Py and Py, used by the 
first user to transmit the cooperative information (wi2,u'2i) during the 3"* time slot. The same holds for (^2,^3)- 
The achievable rate region for the PDF scheme over Gaussian channels with each of the decoding techniques in 
Section HHl can be derived as follows. 

1 ) PDF with Joint Decoding: The achievable rate region for this decoding technique is given in (|3]l of Theorem 
1. Applying to the Gaussian channel, we obtain the following corollary: 

Corollary 3. The achievable rate region for the Gaussian half-duplex MAC-GF under the PDF scheme with full 
decoding at each user and joint decoding at the destination is the union of all rate pairs (Ri, R2) satisfying 



R2<a2C[^k^^y^]^a,C 



N J \ N 

20-^23 



N J \ N 

R.^R.< aiC ^m^IL±IA\ + (mP}L±I^\ + ^^^-A3 + Kl,P2. 



N \ N \ N 



N J \ N 

KUP13 + C2Pu) + ^lo(-P23 + dsPu) + 2KinK2nV^Pu 



Kl^{Pu + Pw)\ , ^(Kl^{Pv+P, 



Ri+R2< aiC \^ — — I + a2C 
+ a3C 



N 

'"'20 J 



N J " \ N 

KUPis + csPv) + i^lo(^23 + d2Pv) + 2KinK2nVd^Pv \ 



N 



N \ N 



K^oPi3 + KI0P23 + Pu{KioV^+ K2^Vdkf + PviKioV^ + i^2oVH^^' 



+ asC j (24) 

for some ai,a2 > 0, ai+a2 < 1 and power allocation {Pui Pv^ Pioj P20J Pi3^ P23) satisfying the power constraint 
in (HI, where C{x) = 0.51og(l + x). 

Remark 10: Achievable rate region with partial decoding at each user: The achievable rate region for the Gaussian 
MAC-GF with partial decoding at each user is similar to ( l24b but replacing 
. cfi^Mi^) byCf,J^)+cfi^)and 
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As explained in Section IIII-A31 in order to compare between the rate regions with full and partial decoding, we 

J and C I ^" J , which is equivalent to comparing between Kio and 
Ki2- Hence we can see that for any input distribution, if K12 > Kio and K21 > K2Q, then the rate region with full 
decoding is bigger. However, following the optimization in f23], the two rate regions can be shown to be equivalent 
if each user transmits with an optimal power allocation which has Pio = -P20 — 0. 

2) PDF with Separate Decoding: For the Gaussian channel, the achievable rate region of the PDF scheme with 
separate decoding can be obtained directly from (|9|l as follows. 

Corollary 4. The achievable rate region for the Gaussian half-duplex MAC-GF under the PDF scheme with 
separate decoding at the destination is the union of all rate pairs (i?i,i?2) satisfying 



Ri 
Ri 

Ri 

Ri 



Ri < aiC 
R2 < a2C 
R2 < aiC 
i?2 < aimin 

+ a3C 
i?2 < aiC 

+ a3C 
R2 < aimin 

+ a3C 







-Pio) 




N 




-"■21 




' P20) 




N 




-^^12 







c 



N 

KhP^ 



a2C 



KhPi3 

N 

KioP23 

N 



Kl, (Pv + P2, 



10 



K^P^ 
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c 

C2Pu) 



■^10^10 

N 

KUP23 



N 

+ a2C 
dsPu) 



K!oPi3 + KI0P23 



N 



Kli jPy + P21 
N 



2KioK2oV^Pu 



N 



,{Pu + Pio) 
N 



Q!2min < C 



KIP20 
N 



C 



^20^20 
N 



Klo{Pi3 + c-jPy) + g|o(P23 + d2Pv) + 2KioK2oVd^Pv \ 



N 



C 



KI2P1 
N 



C 



N 



Q:2inin < C 



KIP20 
N 



C 



^20-^20 







K^pPrs + Klf,P23 + PujKw^ + K2M? + PvjKio^ + K2oVd^f 

N 



(25) 



for some ai,a2 > and ai + a2 < 1, given the power constraint in 

Remark W: Comparison between joint and separate decoding: From (l24l) and dZSl l. we can see that joint decoding 
leads to a strictly larger rate region than separate decoding because 
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Fig.|4]compares the achievable rate regions of the PDF scheme with different decoding techniques and the classical 
MAC. These results are obtained for the symmetric Gaussian channel where N ~ \ , Pi = P2 = 2, Kiq = K20 = 1, 
K12 = K21 and different values of K12 and by using the optimal power allocations and time durations analyzed 
in II23I . Results show that the PDF scheme with either joint or separate decoding at the destination has a larger 
rate region than the MAC, and the rate region enlarges as K12 increases. The results also show the advantage of 
joint decoding over separate decoding. Separate decoding is strictly suboptimal compared to joint decoding and 
only approaches the performance of joint decoding as K12 00. 
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Fig. 4. Achievable rate regions for the half-duplex MAC-GF using the PDF scheme with joint and separate decoding for K\q = 7^20 = 1 
and Ki2 = K2i- 

C. Decode-forward scheme 

The simplified DF scheme in Section |IV] can be appUed to a Gaussian channel with the first and second users 
constructing their transmitted signals as 

Xi3 = \/Pl3Xi3{wi3) + y/Ps^S{w 12, W2l) 
X2I = \/P2lX2l{wi2) 

X2Z = V^-^23(fi'l3) + y^'S'(w21, W21) 

where X12, X21, X23 and S are independent and identically distributed according to iV(0, 1). The power 
constraints for both users are now given as 

aiPi2 + a^iPi^ + Ps,) = Pi 

^2^21 + aa (P23 + J = P2 (26) 

The achievable rate region can be derived as follows. 

Corollary 5. The achievable rate region for the Gaussian half-duplex MAC-GF under the DF scheme, denoted 
as TZ{Ki2, K21), is given as 
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-Ki + it2 < aiC — — — + 



N J \ N 



N 



N J \ N 

K^PlS + PsJ + ^lo(^23 + Ps,) + 2KwK20y/P^, 



N 



^ I^ KUPis + PsJ+ Kio{P23 + + 2Xioi^20vAfVf^ j ^2^^ 

for some some ai, a2 > 0, ai + a2 < 1 ond power allocation {P12, P21, P13, P23, Psi 1 PS2) satisfying the power 
constraint given in ( |26t . 

Although the rate region of the DF scheme in (|27] | appears to be larger than that of the PDF scheme in (l24b . 
they are equivalent as shown in Appendix E. We state this equivalence in the following corollary: 

Corollary 6. The two achievable rate regions for the Gaussian half-duplex MAC-GF under the PDF scheme and 
the DF scheme are equivalent. 

Proof: See Appendix E. ■ 



D. Outer Bound 

Similar to the equivalence between the two achievable regions, the two outer bounds in Theorem 3 and Corollary 
2 are also equivalent for the Gaussian channel. This can be shown using the same procedure as in Appendix E. 
Therefore, in this section, we only focus on the outer in ( fTSl ) bound with rate constraints similar to the DF scheme. 

Corollary 7. An outer bound for the Gaussian half-duplex MAC-GF is TZ{Ki2 + KIq, K^i + ^2o)> which consists 
of all rate pairs {Ri, R2) satisfying Ii27\l but replacing by iff 2 + ^10 '^"'^ ^21 by J^li + ^20- 

Proof: As stated in Corollary 2, the outer bound is maximized over the joint distribution p(xi2)p(a:2i)p(a^i3 1 s, 2:12) 
p{x27i\s,X2i)P* ■ The difference between this distribution and that of the achievable region in Corollary 5 is that 
Xiz and X12 {X23, and X21) are correlated. Let \/Li2 (-s/iii) be the correlation between Xiz and X12 (X23 and 
X21). Then, from ( fTSl ) we obtain the same expressions as in dZTl i but only replacing 

. P13 by P13 + L12 and P23 by A3 + ^21; 

. KI2 by KI2 + and Kj^ by + Kj,, 
Since the power constraints are the same for the achievable region and outer bound, it is possible to set P13 = 
P13 + L12 and P23 = P23 + L21 in the outer bound, thus reducing the input distribution to that of the achievable 
region. Therefore, the only remaining difference is in the channel gain. ■ 

Remark 12: The tightness of the outer bound is determined by the ratios and w-. The outer bound becomes 
tighter as these two ratios increase since then if^j ~^ ^12 + ^10 '^^'^ ^21 ~^ ^21 + ^20- Therefore, the bound 
becomes increasingly tight as the inter-user link qualities increase. 

Fig. |5] compares between the DF scheme with joint decoding and the full-duplex scheme in fT], ^2\- As expected, 
the half-duplex scheme has a smaller rate region than the full-duplex scheme. The two regions become closer to 
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Fig. 6. Achievable rate regions and outer bounds for the symmetric half-duplex MAC-GF with K\q = K20 = 1 and K12 = K2i- 



each other as K12 increases. However, in the full-duplex scheme, each user transmits and receives in two different 
frequency bands lfl2l which doubles the required bandwidth. 

Figures |6] and [7] compare between the achievable rate region for the DF scheme and the outer bound for both 
cases of symmetric and asymmetric half-duplex MAC-GF. In Fig. |6l results are plotted for the symmetric case with 
different values of K12 while Kiq — 1. In Fig. |7] results are plotted for the asymmetric case with different values 
of if 10 and K20 while K12 = K21 = 4. As discussed in Remark 12, these results show that the achievable rate 
region becomes closer to the outer bound as the ratios and increase. 
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Fig. 7. Achievable rate regions and outer bounds for asymmetric half-duplex MAC-GF with K12 = K21 = 4. 

E. Capacity for the Physically Degraded Gaussian Channel 

For the physically degraded Gaussian channel where /(^i2; ^11^12) — -^(-'^21; ^2|^2i) = for all p{xi2)p{x2i), 
the achievable region becomes the capacity. The realization of the degraded Gaussian channel applies to a channel 
having correlated noise with a specific correlation factor. Without loss of generality, assume that the AWGN noises 
in ( |22] | are identically distributed with zero mean and unit variance. Let Zi and Zqi be correlated with correlation 
factor pi. Similarly, let Z2 and Z02 be correlated with correlation factor p2- While these correlations do not affect 
the achievability in Corollary 4, they alter the outer bound in Theorem 3 as follows. 

■ {Kl^ + Kl^ - 2KioKi2Pi) P12 \ 



I{Xi2\Yi,Yi2) = C 



IiX2i;Y2,Y2i) ^ C 



2 



Kli + - 2K20K21P2) P21 ' 



1-pI j 

Comparing these equations with the achievable counterparts: 

I{Xi2\Yi2) = C {Kl^Pl2) 

I{X2i;Y2i)^C{Kl,P2i), 

we can easily show that they are equal if pi = P2 = and K12 > Kio, K21 > K2o. Therefore, we have 
the following result: 

Theorem 6. The capacity region for the physically degraded Gaussian half-duplex MAC-GF can be achieved 
using either the PDF or DF coding schemes if {Zi, Zoi) and (Z2, Z02) <^re correlated with correlation factors 
and respectively, provided that K12 > Kiq and K21 > i^20- 



VIII. Conclusion 

In this paper, we have analyzed achievable regions and outer bounds for the half-duplex MAC-GF. We propose 
two coding schemes (PDF and DF) based on rate splitting and superposition encoding. In the PDF scheme, each 
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user splits its message into 3 parts and the codewords in the 3'''' time slot are superimposed on those of the first 
two. In the DF scheme, each user splits its message into 2 parts and has independent codewords at each time slot. 
For the PDF scheme, we analyze the advantage of joint decoding over separate decoding at the destination. The DF 
scheme, however, is simpler and leads to the same region for the Gaussian channel which models many practical 
channels. Therefore, DF is preferred for practical implementation and for further analysis of the optimal power 
allocation and time duration. 

We also derive two outer bounds with rate constraints similar to each of the two achievable regions using standard 
Fano's and data processing inequaUties. We show the equivalence between these two outer bounds for the Gaussian 
channel. We also show that one of the outer bounds can be derived directly from the dependence balance outer bound 
of the full-duplex channel but without explicit dependence balance constraint. With straightforward generalization, 
we extended out results to the m-user case. 

Lastly, we have presented numerical examples for the Gaussian channel that compare between the proposed 
schemes, the classical MAC, the full-duplex MAC-GF, and the outer bound. These results also show the advantage 
of joint decoding compared to separate decoding. When the inter-user link is better than the link between each 
user and the destination, results show that cooperation improves the rate region over the classical MAC even with 
half-duplex constraint. Moreover, the rate region approaches the outer bound as the inter-user link quahty increases. 

Appendix A 

Error Analysis of the PDF Scheme with Joint Decoding at the Destination 

Because of the symmetry of the random code generation, the conditional error probability does not depend on 
which message vector was sent. Hence, without loss of generality, we assume that the message vector = W21 = 
wio = W20 = Wi3 = W23 = 1 was sent. Then, the error events at the destination are as follows. 

E, :={K^"(l),x^J"(l,l),yi)^A^^"}; 

E2 :={K^"(1), <o'"(«^io, l),Yi) e A?^" for some «;io 1}; 

£3 :={K^"(l),^2o"(l.l),^2) ^ A^^"}; 

£4 :={(t;«="(l),a;^o="(«;2o, 1),Y2) e for some W20 1}; 

E, :={K^"(l),«"^"(l),<l"(l,l,l),a;S"(l,l,l),Y3) ^ 

Ee ■.={{u"'^{l),v"'^{l), <|"(«;i3, 1, 1), 1, 1), Y3) e A^'^ for some w^s 7^ 1}; 

Er :={(««3"(l),t;«3"(l),<|"(l, 1, l),x^r{w23, 1, 1), Y3) e A^^" for some W23 ^ 1}; 

Es :={(«"^"(l),^^"^"(l),-<rK3,l,l),4l"(^i'23,l,l),i^0 e ^c"" for some ^3 ^ 1,W23 ^ 1)}; 

Eg :={(«"i"(l),a;?o^"(l,l),l-i) ^ A^", and x^o^"(l, 1), Ya) ^ A^", and 

{u'^^-{l),v'^--{l),x^f\l,l,l),x^r{l,l,l),Ys) ^ Af--}; 
Eio :={Ki"K2),a;?o'"Ko,^i2),>'i) G A^^", andK^"(l), 1), Y^) G A^^",and ^-"(uiiz), 

Xii"'{wi3,wi2, 1),X23"(W23, 1), ^"3) € for somc W12 ^ 1 and any (wicit^is, ^23)}; 
£^11 a;?o'"(l,l).^i) e A^'^,and{v"-''{w2i),x^S"{w2o,W2i),Y2) G ^«=",andK=*"(l),^;«=*"(w;2i), 

2^i3"(^i3, l,'!^2i),a;23"(w23, 1, 11)21), Ys) € A^^" for some W21 ^ 1 and any (^20,^13,^23)}; 
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Ei2 :={K'"K2),a:?J"(«^io,w'i2),l^i) G ^r", and («"^"(u.2i), a;^o'"(«^20, ^2) e A^^", and 
('u"='"(u;i2), w"^"(w2i), a;i3"(^i3) ^12, ^"21), a;23"(w23, ^12,^21), ^3) G 

for some (wi2 ^ 1, W21 7^ 1) and any (wio, ^13, u;20, ^23)}- (28) 

By the Asymptotic Equipartition Property (AEP) ||20l, we have {Pe^, Pes, Pes, Peq) — > as n — > 00. Then, by 
using the packing lemma [24|, we can easily find that 

. Pe2 ^ as n ^ 00 if Riq < aiI{Xio;Yi\U). 

. PEi ^ as n ^ cx) if R20 < a2l{X2Q\ >^2|V). 

. Fb, ->0 as n->c5o if ii'13 <a3/(^i3;>3|C/, 1^,^23). 

. Fb. ^ as n ^ c» if i?23 < a3/(^23; y:i\U, V, X13). 

. Pb, as n ^ 00 if P13 + i?23 < a3/(Xi3, X23; l^ilC/, V). 
The analysis of the error events (_Eio, -Eii, i?i2) is more complicated because these error events are defined over 
multiple time slots. Starting with £'10, we can express the probability of this error event as 

2"(-"l+-"23) 

Pe,o = Pe^o. where Pe,o, = PeI^^ x PeI^, x Pe^^^ 

i=l 

where Pejo,. is the probabiUty of error for a particular set of messages (u»io, u»i2, W13, 1, 1, W23) and {E\q^, El^^, E^q^) 
are the events correspond to the first, second, and third time slot, respectively. While PE'f^y ^ 1 as n cx) by the 
AEP, Pe]„. can be bounded as 

PeI„^ = Y P{'^)p{xw\u)p{yi) 

(M,a:io,ai)6^?^" 
^2°'MH(U,Xia,Yi)+e)2-ai7i{H{U,Xio)-t) . 2-ainiH{Yi)-e) 

^2-0'in{I{U,Xw;Yi)~3e) 

^2-ai"(^(^io:yi)-3e) 



Similarly, Pe^^. can be bounded as 

^Efo,^ Y Piu)piv)p{xi3\u,v)p{x23\u,v)p{y3\v) 

(M,t),a;i3,X23,J/3)6'4°3" 
< 2a3n{H{Uy,Xi3.X23,Y3)+e)2-a3n(H(Uy,Xi3,X23)->:)2-'^MHiY3\V)-e) 

^ 2~a3n{I{U,Xi3:X23;Y3\V)~3e) 

^ 2-a3n{I{Xi3.X23;Y3\V}-3e) 

Therefore, Peio has the upper bound 

Pe <2"^"'^i+"'^^3^ • 2^"i"-'^('''-i"'^i)^"3"-'^('''^i3.-f 23;i3) 

Hence, Pe,„ ^ as n 00 if i?i + i?23 < ai/(Xio; Yi) + a3/(^i3, ^23; ^sl^)- 

Following similar steps with En, we have Pe^ — > as n — > 00 if -R2+P13 < ct2l{X2a; l2)+<^3^(-'^i3, -^^23; ^31^^)- 
Finally, for £'12, we can express its probability as 

2r,(Ri+R2) _i 

Pe,2 = Pe,2., where Pe,2, = -Pb},^ x F^j^^ x Pe3^^ 
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Then, PeI^. and PeJ^ derived in a similar way to ^bJ^ , whereas PeJ^. can be derived as 

^Ef2i = X! P{u)p{v)p{xi3\u,v)p{x23\u,v)p{y3) 

(M,t),a;i3, 2:23, ya) 6^4°^" 
^2"3niH{U,V,Xri,X23:Y3)+e)2-a3n{H{U,V,Xi3,X23)-e)2-aMfI{Y3)-e) 

^2-'^3n{HUy.Xi3,X23;Y3)-3e) 

^2-"3n(/(Xi3,X23;Y3)-3c)^ 

Therefore, Pg^^ can be upper-bounded as 

Pe <2"(-'^i+-"'-2) . 2-'^M'iXio;Yi)-3e)-a2n{I{X2o;Y2)-3e) ^ 2-a3«(^(Xl3,X23;i'3)-3£) 

and thus Pei2 — > as n — > 00 if i?i + i?2 < ai/(Xio;yi) + a2-^(-'^2o; ^2) + a3/(Xi3, X23; F). Combining all 
rate constraints give the rate region in O. 

Appendix B 

Error Analysis of the PDF scheme with Separate Decoding 

As in Appendix A, because of the symmetry of the random code generation, without loss of generality, we 
assume that the message vector {wi2 — W21 — wiq — W20 — wis — W23 — 1) was sent. Then, the error events at 
the destination in the third time slot are given as 

E, :-{K^'"(l),«"^"(l),a;?|"(l,l,l),4|"(l,l,l),y3)^Ar'}; 

E2 :={K^"(l),t'"^"(l),a:?rK3,l,l),x^r(l,l,l),F3) e A^3n for some «;i3 ^ 1}; 

E3 :={K^'"(l),t;"^'"(l),a:?l"(l,l,l),4l"(^i'23,l,l),Y3) e A?3" for some W23 + 1}; 

i?4 2:?|"K3,l,l),xg"(«i23,l,l),y3) S A^^" for some(u;i3 + 1,^23 ^ 1)}; 

i?5:={K^"(l),«"^"(l),a;?|"(l,l,l),X2r(l,l,l),^3)^A^^"}; 

E^ :={(u"3"K2),w"3"(l),x5'|"K3,u;i2,l),xg"K3,ti'i2,l),y3) S some ^12 ^ 1 and any K3,?i;23 

E^ :={(ii"3"(l),«"3"(«;2i),a:^|"(«;i3, 1, «;2i), 4l"K3, l,«^2i),ll3) e A^^" for some ^21 ^ 1 and any K3,«;23 

: = {K^"K2),«"^"(^«2l),:r^|"K3,Wl2,«^2l),4|"(u'23,^«12,^«^ G A^^" 

for some (wi2 7^ l,W2i 7^ 1) and any (wi3,W23)}- (29) 

Similar to Appendix A, we have [Pex 1 Pe^) as n — > 00 by the AEP. By the packing lemma, we have 

. Fb, ^ as n ^ c» if R13 < a3/(^i3; Y^p, V, X23). 

. Pe3 ^ as n 00 if i?23 < "3/(^23; Ysp, V, X13). 

. Fb, ^ as n ^ c» if + R23 < a^IiXi^, X23; Y^lU, V). 

• Feb as n ->cx) if R12 + R13 + R23 < a3-^(^i3, ^23; >3|^)- 
. Pe^ -> as 00 if R21 + R13 + R23 < a3/(Xi3, X23; Isl^^)- 

• Pes ^ as n — > 00 if R12 + R21 + ^^13 + -R23 5: c^3-^(^i3j ^23; 

Now, after decoding the messages (u)i2, it;2i, Wi3, ^^23), the destination goes back to the first two time slots to 
decode (wio, W20) assuming that it already decodes {wi2, ^21,^13, W23) correctly. The error events in the first two 
time slots are 
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:-{K^"(l),x?o^"(l,l),ri)^Ar"}; 
E2 :={(u"i"(l),x?oi"Ko,l),l^i) e A^^" for some ^ 1}; 

:={K^"(l),a;^o^"(l,l),y2) ^ A^^"}; 
£;4 a;^o'"Ko, 1), ^2) G A^^" for some w^^ ^ 1}. (30) 

Here, (Pei ■, Pe^ ) — as n — > 00 by the AEP. By the packing lemma, [Pe^ , Pea ) as n — cx) if _Rio < 
ai/(Xio; YilC/) and _R20 < cn^(-'^2o; ^2!^), respectively. Hence, we obtain the rate region (|9]l 

Appendix C 
Proof of the Outer Bounds 

In this Appendix, we prove the outer bounds given in Section |V] 
A. Proof of Theorem 3 

We derive an outer bound for the half-duplex MAC-GF with rate constraints similar to the achievable region of 
the PDF scheme. 

Starting with Ri, given any sequence of (2"-"i , 2"^2 , n) codes with P^ 0, we have 

nRi = H{Wi) = H{Wi\W2) 

= /( W^i ; y" , , K," \W2)+H{Wi\Y^, ¥^2 , K," , W2 ) 

<I{Wi;Y^,Y,l,Y^\\W2)+ne, (31) 
where dSTT t follows from Fano's inequality. Now, let's consider the first part of dSTT t. We have 

n 

/W; y", Y{^„Y^,\W2) = ^ /(t^i; F., Fi^,, ^21.1^^2, r/^-i, F^V') 

ain 



HWv,Y,, Y,2^\W2,Yl^\Y'~^) 

i=l 

(ai+a2)n 

J2 HWuY,, Y2U\W2,Y'^^-, F^n+l' ^2^"' ni') 



i—ain-\-l 
n 

+ nwi;Y,\w2,Y^z\o..^n+vYi7\yrn o^) 

i=(ai+a2)n+l 

where F2T" '^^e second channel output sequence. Now, the first term in ( [32] i can be bounded as 

^ /(i^i ; y„ 1 w^2 , F^- 1 ) < ^ /(Xio, ; y„ ri2. 1 w^2 , 5^^" \ nV ' ) 

= Y H{Y^, Y^2r\W2,Y'-\Yl^^) - H{Y,, Y,2^\Xlo^,W2,Y''\Y|^^) 
1=1 

< ^i?(y„ri2.) - H{Y„Yl2^\Xlo^) 

i=l 
ain 

= ^/(Xio.;y„ri2^) (33) 
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where (a) follows from the data processing inequality since Wi — > Xiq — > (Yi,li2) forms a Markov chain and 
(b) follows from removing conditioning and the memoryless property of the channel during the first time slot 
Piy,yi2\xiQ). 

Moving to the second part of ( |32] | 

(ai+CK2)n 

J2 nwuY,, Y2u\W2, r"^", ri"2^", r^v') 

{ai-\-a2)n 

1— ain-\-l 
{ai-\-ot2)n 

= J2 H{Y,,Y2u\X2o^, W2, Y'~\Y,%''\Y^~') - H{Y,,Y2u\Wi, X20r,W2, F,"^'"- 

2— ain+1 
(ai+Q2)n 

H{Y,,Y2u\X20r)-H{Y,,Y2u\X2^)^0 (34) 

2— ain+l 

where (a) follows since in the second time slot, for a given code, ^201 — fi{W2) and (b) follows from the 
memoryless property of this channel p{y , y2i\x2o) ■ 
Finally, the third part of ( |32] ) can be expressed as 

n 

J2 I{W^;Y,\W2,Y^'\Y,%^\Y,rn 

i— (0:1+02)71+1 
n 

^ H{Y,\W2,Y,T, Y^r. y-') - H{Y,\W2,Y^2''\W^,Y^r, Y'-') 

«— CcKi+02)n+l 
n 

H{Y,\X2-M,W2,Y^2''\Y^r, Y'-') - i?(r.|^23„ VF2, Xi3„ 1^1,^2"?",^'"') 

«— (CKl+02)n+l 

(h) 

< H{Y,\X23^,Y,%^'\ 12?") - H{Y,\X23., Y^r. ^13., iTif) 

i=(ai+a2)n+l 

= ^ I{Xi^i;Yi\X2Zi, " , Y21 ) 

i=(ai+Q2)n+l 
n 

^ /(Xi3.;r,|X23„C/,y) (35) 

i=(ai+Q2)n+l 

Where C/ = yi"2'" and V = Y^^^""; (a) follows from = /nCT^i, ^3?"), ^23^ = /2.(W2, Fi^s'") and 

(VFl,W"2,i^'"^KJT^^l2"^) ^ (^H,X2i) ^ forms a Mai'kov chain; (b) follows from removing conditioning 
and the memoryless property of the channel p{y\xi^,X2z)- 
Thus, from ( |33]) . ( l34b and (l35b . we have 

riiii <^/(^io.;i"H,yi2.)+ ^ /(Xi3.;F3.|^23.,f/,l^)+«e. (36) 

i—l i— (ai+a2)n+l 

Similarly, 

(Qi+a2)ii n 

nR2< Y IiX20^■,Y2^,Y2u) + ^ /(X23. ; ^3^ I^H , C/, V^) + (37) 

i=ain+l i=(ai+ct2)n+l 
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Moving to the sum rate, based on Fano's inequality, we have 

n{Rx+R2)^ H{WuW2) 

^i[WuW2-x\ .y^^) + ii{w^,w2\Y^\ Y^2 . Y21 ) 

< /(l^i , ; r " , Yi"2 , ) + ne. (38) 
The first term in ( |38] ) can be bounded as 

n 

I{WuW2; Y",Y,l,Y^\) = ^ I{W^,W2■,Y,,Y^2^,Y2u\Y'-\Yl^\Yi^^) 

ain 

= J2IiWl,W2■,Y,,Y,2^\Y|^\Y'-^) 

i=l 
(01+02)" 

+ IiWi,W2;Y,,Y2i.\Y,%^-,Y^-\Y^-^) 

z— ain+1 
n 

+ I{Wi,W2;Y,\Y'-\Y,%^\Y,rn (39) 

i=(ai+Q2)n+l 



The first part of ( |39] l can be bounded as 



Qin 



£ yi2,|r/2"'> ^'"') - h{y,, Y,2r\x,o^,w^,W2,Y|^\Y'-') 
1=1 

< Y^i^^'^i^^) - H{Y^,Y^2^\Xlo^) 
i=l 
Qin 

= £/(Xio.;r„ri2.) (40) 

i=l 

where (a) follows since for the channel in the first time slot, for a given code, Xioi — fi{Wi); (b) follows from 
the memoryless property of the channel p(y, ?/i2|xio) and from removing conditioning. 
Similarly, the second part of ( [39] l can be bounded as 

(Q1+Q2)" 

Y HWuW2;Y,,Y2i.\Y,%'\ Y^^\Y^-') 

i—ain-\-l 
(Q(i+a2)n 

= J2 H{Y,,Y2u\Yr2'\Y^^\Y^-^)-H{Y,,Y2um,W2,Y,%'",Y^^\Y^~') 

i— CKin+1 
(al+Q2)^^ 

J2 HiY„Y2i^\Y,%^",Y^r\Y^-') - H{Y,,Y2i^m,X2o^,W2,Y,%^'',Y^^\Y^-') 

i— Qi n+1 

(ai+a2)n (ai+Q2)n 

< Y H{Y„Y2u)-HiY„Y2u\X20i)= Y HX20^,Y,,Y2u) (41) 

i—a.i7i-\-l i— Qin+1 
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where (a) follows since for the channel in the second time slot, for a given code, X20i = fi{W2)', (b) follows from 
the memoryless property of the channel p{y, y2i\x2o) and from removing conditioning. 
Moving to the third part of i 



(6) 



^ IiWi,W2;Y,\Y^-\YC2'\Y,r") 

(ai+Q:2)n+l 
n 

J2 H{Y,\Y'-\Y,%'^,Y^m~H{Y,\Y'-\W2,Y,%''',Wi,Y^f'') 

2— (ai+Q:2)n+l 
n 

^ H{Y,\Y^~\Y,%^\ Y^r) - H{Y,\Y^-\X2^,, W2, ^2^", W^i, F^?") 

(ai+Q:2)n+l 
n 

^ H{Y,\Y^-\Y^i^, Y^r) - H{Y,\X23^,Y,%^\ ^13^, 

i=(Qi+a2)n+l 

< H{Y,\Y,%^-, Y^r ) - HiY,\X2^,,Y,%^-, F^?") 

i={ai+a2)n+l 
n 

i=(«i+Q2)n+l 
n 

J2 I{Xl3^,X2^^;Y,\U,V) (42) 

Here (a) follows since for the channel in the third time slot, for a given code, Xi^i = fii{Wi,Y"^^"), X23i = 
/2i(VF2,Fi2'"); (b) follows from removing Y'-^,Wi,W2 since in this channel, {Wi,W2,Y'-\Y^^^ ,Yl^^) 
{Xii,X2i) — > Yi forms a Markov chain; (c) follows from removing conditioning. 
Thus, from ^9^, (gl]) and (gH), we have 

ain (01+02)" n 

n{Ri+R2)< Y.I{Xlo,■,Yu,Yl2^)+ ^ I{X2o^;Y2^,Y2u) + ^ | [/, F) + ne. (43) 

i=l i=ain+l i=(Qi+a2)"+l 

Another bound for the sum rate can be derived as 

n{Ri+R2)=H{WuW2) 

= I{Wi, y", F2") + ^^^,1^211^", F2") 

<I{Wi,W2;Y'',Y^{)+ne (44) 
where (|44] | follows from the Fano's inequality. The first term in {44[ can be bounded as 

I{WuW2;Y\Y2",) 

a-in (cn+a2)n n 

= Y,I{WuW2;Y,\Y'~^) + I{Wi,W2;Y,,Y2u\Y^^\Y'-^)+ ^ /(M/i,W^2;r,|y'-\y2?") 

i=l i=ain+l i=(Qi+Q2)n+l 

(45) 

Following similar lines of argument, the first part of <l45] t can be bounded as 

ex. in Q 1 n 

Y,HWi,W2;Y,\Y'-')^ J2HWi;Y,\Y'-^) + IiW2;Y,\Y'-\Wi) 

i=l i=l 
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i=l 

(b) 



ain 



< ^/(Xio,;KO (46) 

1=1 

where (a) follows since for the channel in the first time slot, for a given code, Xioi — fi{Wi), (b) follows from 

the Markov chain {W2,Y^~^ , Wi) — ?> XiQi — > (1^, Yi2i), and (c) follows from removing conditioning and the same 

Markov chain. 

Similarly, the second part of ( |45] l can be bounded as 

(01+02)" (01+02)" 

IiWuW2;Y,,Y2u\Y^i\Y'-') = ^ IiW2;Y,,Y2u\Y^r\Y'^-') + IiWi;Y,,Y2u\W2,Y;{\Y'~') 

i=Oii n+1 'i— ain+1 

(al+CK2)^^ 

J2 IiW2;Y,,Y2u\Y^r\Y^-^) 

i—ain-\-l 
(ai+a2)n 

< J2 IiX2o^;Y,,Y2u\Y^^\Y^-') 

i—ain+l 
(c) ("i+"2)" 

< ^ /(X2o.;i;;,r2H) (47) 

i—ain-\-l 

where (a) follows since I{W2;Y^,Y2ii\Y^^^ ,Y'-^) = as shown in (b) follows from the Markov chain 
(W2, Y^^^ , Y2i^) — > X20i (Yi, Y2ii) in the channel of the second time slot, and (c) from removing conditioning 
and the same Markov chain. 

Moving to the last part of ( |45] |. we have 

n 

J2 I{W^,W2;Y,\Y^-\Y,rn 

n 

H{Y,\Y'-\Y^^n-H{Y,\Wi,W2,Y''\Y^r) 

i = (oi+Q2)" + l 



< H{Y,\Y'-\Y^f')-H{Y,\W^,W2,Y'-\Y^^-'^,Y, 



oin\ 
12 I 



i=(ai+02)"+l 



(c) 



Y H{Y,\Y'-\Y^r) - H{Y,\X^:,,,X2^r,Wi,W2.Y'~\Y^r.Y^2 

n 

Y H{Y,\Y^~\Y,rn - i/(r,|Xi3.,x23.) 

i = (Qi+02)ll + l 

id) " 

< Y HiY,\Y,rn~HiY,\x,,,,x23.,,Y,rn 

i=(oi+a2)"+l 



30 



i=(Qi+Q2)«+l 

n 

J2 I{Xl3^,X23^■,Y,\V) (48) 

i=(ai+Q2)"+l 

where (a) follows from adding Fj^^" and that conditioning reduces entropy; (b) and (c) follow since for the 
channel in the third time slot, for a given code, we have Xi^i — fii{Wi,Y^^^"), X23i = /2j(W^2, ^12^") and 
{Wi,W2,Y^~^ jY^i^ ,Yl2^) -> {Xii,X2i) — ^ Yi forms a Markov chain; (d) follows from removing conditioning. 
Thus, from (|46]), (g?]) and (gU), we have 

ain (Qi+Q2)n n 

?l(i?l+i?2) < ^/(^10,;i^H)+ J2 HX20^;Y2,,Y2u) + ^ /(Xi3„X23.;r.|V)+?ie. (49) 

i=l i=Qin+l z=(Qi+a2)n+l 

Similarly, the sum rate can be bounded as 

ain {ai+a2)n n 

n(-Ri+-R2)< £/(^io.;i^i.,i^i2z)+ HX2o^■,Y2^)+ ^ liX^^,, X23^■,Y,\U) + ue. (50) 

i=l i=Qin+l i=(Qi+a2)n+l 

Finally, following the standard converse (for the cut-set bound), we get 

n{Ri+R2) = H{WuW2) 

= I{Wi,W2;Y") + H{Wi,W2\Y'') 

< I{Wi,W2;Y'')+ne 
<I{Xl\X'2';Y'') + ne 

< ^/(Xio.;ri,)+ ^(^20^;1"20+ IiXl3^,X23^;Yi)+ne. (51) 

i=l i=ain+l i={ai+a2}n+l 

Now, from the rate constraints ( l36b . dJTl ). ( l43T l, ( |49] l, ( l50t , and ( BTT l and after defining a time-sharing random 
variable Q independent of {Wi, W2,Xl\ X2, U, V, F") and uniformly distributed over [1 : n], an outer bound for 
the half-duplex MAC-GF can be written as 

Ri < ailiXio; Yi,Yi2\Q) + a3l{Xi3; ^alXaa, V, Q) 

R2 < a2liX2o; Y2,Y2i\Q) + a3l{X23; YslX^, V, Q) 

Ri+R2< aJiXio; Y^ , ^12 |Q) + ^2/(^21 ; Y2 , ^21 |Q) + a3/(Xi3 , X23 'MU, V, Q) 

Ri+R2< aJiXio; Yi IQ) + a2/(X2o; 1^2, ^21 10) + a3/(Xi3, X23; YslV, Q) 

Ri+R2< aJiXio;Yi,Yi2\Q) + a2HX2o;Y2\Q) + a3l{Xi3,X23;Y3\U,Q) 

Ri+R2< ai/(Xio; FilQ) + a2l{X2o;Y2\Q) + as/C^is, ^23; ^slQ) 

for some joint distribution p{q)p{xio,u\q)p{x2o,v\q)p{xi3\u,v,q)p{x23\u,v,q)P'. Since I{Xiq;Yi,Yi2\Q) < 
I{Xio; Yi, Y12) and the same holds for all other mutual information terms, we get the bound given in Theorem 3. 

B. Proof of Corollary 2 

As mentioned in Section |V] with small modifications on the previous outer bound, we get an outer bound similar 
to the achievable region of the DF scheme. 
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By setting Xim = Xi2i, X20i = Xiu, and S = (^S'", ^^21^") = iU,V), then the individual rate constraints, 
the first and last sum rate constraints in ( fT4l i are kept unchanged. However, the two middle sum rate constraints 
need minor change. The last part in (l45l l was bounded as in ( |48] |. We can bounded it further by removing the 
conditioning and applying the Markov chain {Wi,W2,Y^~^,Y2i^,Y^2^) {Xii,X2i) Yi, as follows. 

n 

^ I{WuW2;Y,\Y'-\Y,rn 

i—(ai-^a2)n-\-l 
n 

< H{Y,\Y,rn-H{Y,\x,,„x23^,Y,rn 

i—{ai~\-a2)n-\-l 
n 

< J2 H{Y^i)-H{Y,\X^:,,,X23i) 

■i— {cKi+a2)n+l 
n 

^ /(Xi3„X23,;F0- (52) 

i—{a.i+Oi2)n+l 

Similar steps can be used for the third sum constraint in ( fT4l l. Although these changes makes the two middle sum 
rate constraints similar to those in the DF scheme, they are redundant because they become greater than the last 
sum rate constraint and hence are removed. 



C. Relation with the Dependence Balance Outer Bound for the Full-Duplex MAC-GF 
In H, the following outer bound is proposed for full-duplex MAC-GF: 

Outer Bound for full-duplex MAC-GF [Tandon and Ulukus]: An outer bound of the full-duplex MAC-GF consists 
of the union of all rate pairs (i?i,i?2) satisfying 

Ri<I{Xi;Y,Yi2\X2,S) 
R2<I{X2;Y,Y2i\Xi,S) 
Ri+R2<I{Xi,X2;Y,Yi2,Y2i\S) 

Ri+R2<IiXi,X2;Y) (53) 

for some joint distribution p{xi, X2, s)p{y\xi, X2)p{yi2\xi)p{y2i \x2)- The rates also satisfy the dependence balance 
bound I{Xi,X2\S) < I{Xi;X2\Yi2,Y2i,S). 

In the proof of this dependence balance outer bound in ( lID, Theorem 4), the individual rate nRi was bounded 
as X]"=i Yi,Yi2i\X2i, Y^2^,Y2i^). We can expand this bound over three time slots as 

n 

nRl < Y,HXl^■,Y,,Y^2^\X2^,Y;2\Y^^^) 
1=1 

^ ^ ain n 

= 'Y^I{Xioi;Yii,Yi2i\Yl2'^) + ^ /(Xi3i; y3i|X23i, Fj^^^", Fj"^") 

1 i— {Qi+a2)n+l 

< YI{Xlo^;Yu,Y^2^)+ ^ /(^IS. ; , 5) (54) 

i=l i— (Qi+a2)n+l 

where (a) follows because for the channel in the first time slot, Xu = Xioi, Yi = Yu, for the channel in the second 
time slot X2i = Y2i^ — (j), Xu — (j) and for the channel in the third time slot, Xu — Xi^i, X2i = ^232, Yi — ¥3;, 
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¥^2^ = Fj^i", and Y^^^^ = ^3?"; (b) follows by setting S = (^12'", ^2?"). from removing conditioning and 
from the Markov chain 1^2^^ Xioi {Yii,Yi2i). 

Following similar steps with the other constraints in $53[ and after defining the time sharing random variable Q 
uniformly distributed over [1 : n] and independent of all other random variables, we get the same constraints as 
those given in Corollary 2. 

However, we can show that for the half-duplex MAC-GF, the dependence balance constraint is automatically 
satisfied. Starting from the formula of dependence balance constraint given in 0|, 0, we have 

n 

< (HXu; X2^\Y,2^,Y2U,Y|^\Y^^^) - I {Xu, X2^\YI^\Y^^^)) 

2=1 

ain 

— ^ {l{Xi2i; X21i\Yi2i,Y2ii,Y^2 ^1^2*1 ^) ^ HXl2i', X21i\Y^2 ^'^21 ^)) 

2=1 

(ai+a2)n 

+ ^ {l{Xi2i]X2ii\Yi2i,Y2ii,Y^^''^ ,Y2i ^) ~ I{Xi2i;X2ii\Y^^'^ ,Y2i ^)) 

{ai+a2)n 

I \ ' (TtY ■ Y IV V vain T^Q2n\ TtY ■ Y Iv^in -^^Q2n^^ 
+ ^ (,J I^13i, ^23i|-'12i, 21i, 12 i -^21 j " ^ 13i , 23i I 12 i -*^21 )) 

i—ain-\-l 

0. (55) 

where (a) follows since X21, X12, and (yi2,^2i) are equal to (p for the channel in the first, second, and third time 
slot, respectively. Thus, the dependence balance constraint is automatically satisfied for the half-duplex MAC-GF. 

Appendix D 

An Optimal Input Distribution the for Gaussian Channel 

For the discrete-time model of the Gaussian channel given in (l22T i. we need to find the optimal input distribution 
that maximizes the rate region given in (O. We will maximize each term in (O individually and then show that 
jointly Gaussian distribution is an optimal distribution. 

Starting with /(Xio; Y12), we have 

I{Xio; yi2) = h{Y,2) - h{Y,2\X,„) = HY,2) - h{Z,). (56) 

By the maximum entropy theorem, (|56] | is maximized when Y12 is Gaussian and since Y12 = Ki2Xii^ + Zi, Xio 
must be Gaussian. Because of superposition encoding, we also have I{Xiq\ Y12) = I{U, Xio; 1^12) — I{U ; 1^12) + 
I{Xio;Yi2\U). Now, 

I{U;Yi2) ^ h{Yi2) - h{Yi2\U) 

< h{Yg) - h{Yi2\U) 

< hiYg) - 0.51og (22''(^io|c/) + 2^HZi)\^ 

where Y^ denotes Y\2 when X\q is Gaussian, and the last inequality follows from the entropy power inequality 
(EPI). The equality holds when Xio|?7 is Gaussian. For 1{X\q\Y\2^^, we have 

J(Xio; ri2 1 V) = KY^2 1 V) - /i(>l2 1^10, V) 

< h{KuXw\U + Zi) - hiZi) (57) 
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where the equahty holds again when Xio\U is Gaussian. Therefore, we conclude that I{Xio;Yi2) is maxi- 
mized when {XiQ,U) are jointly Gaussian. Similarly, I{Xio;Yi) is maximized with the same distribution and 
{I{X2q;Y2i), I{X2o;Y2)) are maximized when {X2o,V) are jointly Gaussian. 
Following similar steps to ( |57] |. we can show that 

• I{Xi3;Y3\X23,U,V) is maximized when {Xi3\U,V) is Gaussian. 

• I{X23;Y3\Xi3,U,V) is maximized when {X23\U,V) is Gaussian. 

> I{Xi3, X23; Y^lU, V) is maximized when (XiajC/, V + X23\U, V) is Gaussian. 

• /(X13, X23; Yale/) is maximized when (Xi^lU + ^23!^^) is Gaussian. 

> I{Xi^, X23;Y^\V) is maximized when (X13 1 + X23 1 V^) is Gaussian. 

> /(X13, X23; Ys) is maximized when (X13 + X23) is Gaussian. 

Therefore, we conclude that jointly Gaussian distribution for (X13, X23, U, V) maximizes all above mutual informa- 
tion expressions. Thus, the rate region in Theorem 1 is maximized with jointly Gaussian distribution (Xio, X20, ^13, 
X23, U, V) ~ N{0, S), where S is the covariance matrix. 

For the input distribution given in Theorem 1, {p{xiQ,u)p{x2o\v)p{xi3\u,v)p{x23\u,v)), the covariance matrix 
S can be expressed as 



E=COv(Xio,X20,Xi3,X23,f/,T^) 








Pi 


P2 


Pu 








-P20 


P3 


Pi 





Pv 


Pi 


Pa 


Pl3 


P5 


Pi 


P3 


P2 




P5 


P23 


P2 


Pi 


Pu 





Pi 


P2 


Pu 








Pv 


P3 


Pi 





Pv 



(58) 



where 
• P13 



Pw 

Pl3 



Pu, and P20 = P20 + Pv 

C2Pu + csPv, and P23 = P23 + dsPu + d2Pv 



Pi = y/c2Pu and p2 = VdsPu 
P3 = ^/csPv and = \fdiPv 
Pb = ^/oidsPu + Vc3d2Pv- 



Appendix E 

Equivalence Between the PDF Scheme and the DF Scheme for Gaussian channel 

In order to show the equivalence between these two schemes, we need to show that i?PDF Q Rdf and Ruf C i?pDF- 
We follow a procedure similar to the interference channel in |25|. 

First, to show that i?pDF C Rdf, from the rate regions of the DF and the PDF schemes, we can apply a simple 
one-to-one mapping as 

. P12 = Pio + Pu and P21 = P20 + Pv 

• Psi = c2Pu + C3PV and Ps^ = daPu + d2Pv 
Then, the two rate regions will be virtually maximized over the same input probability distribution Pq which is the 
set of all jointly Gaussian distributions with covariance matrix given in ( l58b . The distribution for the DF scheme 
can be obtained from ( |58] l by setting S = ([/, V). For a given Pq, the two rate regions will have the same power 



34 



and rate constraints, except the two middle sum rates for which the DF scheme is bigger. Hence, from the rate 
regions expressions, it can be directly inferred that i?PDF ^ R^p. 
Now, to show that Rdf C i?pDF, we use the following Corollary: 

Corollary 8. For a given jointly Gaussian input distribution Pq with covariance ([SSh TZof{Pg) ^ T^pdf{Pg) U 
npDF{P^*) U npDF{Ph**) where 

P** ^^Pg and P^** ^^Pq 

Proof: For a given jointly Gaussian input distribution, suppose that a point (ri, is in the region of the DF 
scheme but not in that of the PDF scheme. Then, we must have the minimum sum rate in each region to be one of 
the two middle sum rates (5*2 or ^3) so that the rate region of the DF scheme can be bigger than that of the PDF 
scheme. This scenario can occur only if: 

• K12 > KiQ and K21 < K20, then the second sum rate 5*2 is the minimum for both coding schemes, or 

• K12 < KiQ and K21 > K2n, then the third sum rate 5*3 is the minimum for both coding schemes. 
Assume that the two minimum sum rates are S™^ and 5"°^. By substituting V — cj), we have Ruf{Pq) = 

Ry)p{Pq*) since then S = U. Now, i?PDF(^G*) and Rdf{Pg) will have the same individual rates and the same 
(51,5*2,54). The only different is in 53. However, we will show that 52 is the minimum for both schemes even 
with V — (j), hence the two regions i?PDF(-PG*) and Ruf{Pq) are equivalent. When V = (p, S2 for both schemes 
can be expressed as 



oPDF nDF /-( / ^-iu v ^ ' - iw/ 1 ^1 



Kl^{Pu + Pio)\ , ^fKlP2o 



N \ N 



^ ^ Ki^o(Pi3 + C2Pu) + -^-10(^23 + daPu) + 2KwK2oV^Pv j ^^^^ 

while 53 for each scheme can be expressed as 

c^PDF ^^f KhiPu + Pio) \ , ^^f K^2oP2o \ , ^^f KfoPu + Kl,P2, 
S2y=^ = »iC[ ]+a2C^^^j+asC[^ 

20-^20 



qdf ^ n f ^12 jPy + Pio) 1 , „ 



( KfoiPis + C2Pu) + Klo{P23 + dsPu) + 2Ki„K2oV^Pu \ 
+ a3<-- I I (60) 

Since we assume that 52 for both original regions, which means K12 > Kiq and K21 < K20, then from i5% and 
(|60] |, we can directly see that when V — (j), 5° < 5°^^^. 

To show that 52^^^^ in (|59] l is smaller than 53'^^^ in ( l60l l. we use the following observation: before substituting 
V = (p, we have K21 < i^20 because 5°^ < 5°^. Moreover, since 5°^ < 5f^, we have 

^ / Kfo {Pu + Pio)\ , KfaPi3 + K'iaP23 + Pu {K^V^ + if 20 Vd^)' + Pv {Kw^ + if 20 V^^)' 
aiO — I + Q;3C/ 



N J \ N 

From ( IMT ), we can see that S^^y^^ in ( |59] l is smaller than 53^^^^ in ( |60l ). 

Hence, after substituting V — (j>, 51*^^^ is still the minimum among the other sum rates. Therefore, the the 
two regions i?pDF(i^G*) i^DFli^c) are equivalent and the point (ri,r2) is in the rate region of the PDF scheme 
when V ~ 6. 
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Similar procedure can be applied when ^3 is the minimum in each scheme by substituting U = (p. As a result, 
it follows that TloFiP^) C TepopC-Pc) U T^pdfCPg*) ^ 7^pdf(-Pg**) ■ 

Finally, because of this corollary, we have TZqf C TZpqf and since we show that TZpop C T^df. we obtain the 
final result TZdp = T^-pdf- 
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